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Àíîòàöi¨
Ñòàðèöüêà Ê. Î. Îáâiäíà ñiì'¨ åëiïñiâ, ÿêà âèíèêà¹ ïðè

ðîçâ'ÿçêó çàäà÷i ñèíòåçó iíåðöiéíèõ êåðóâàíü äëÿ äâîâèìiðíî¨

êàíîíi÷íî¨ ñèñòåìè.

Äàíà ðîáîòà ïðèñâÿ÷åíà ðîçâ'ÿçêó çàäà÷i ñèíòåçó çà äîïîìîãîþ ìåòî-

äó ôóíêöi¨ êåðîâàíîñòi Â. I. Êîðîáîâà. Çàãàëüíèé ïiäõiä áàçó¹òüñÿ íà ïî-

øóêó ðîçâ'ÿçêó çàäà÷i ñèíòåçó iíåðöiéíèõ îáìåæåíèõ êåðóâàíü. Çàäà÷ó

ðîçâ'ÿçó¹ìî äëÿ äâîâèìiðíî¨ êàíîíi÷íî¨ ñèñòåìè. Çíàõîäèìî ïàðàìåòð ó

ðiâíÿííi íà ôóíêöiþ êåðîâàíîñòi çà äîïîìîãîþ ìåòîäó ìíîæíèêiâ Ëàãðàí-

æà òà áóäó¹ìî òðà¹êòîði¨. Îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíî äëÿ êîí-

êðåòíî¨ ïî÷àòêîâî¨ òî÷êè. Òàêîæ çíàéäåíî åëiïñ, ÿêèé ìiñòèòü â ñîái óñi

iíøi åëiïñè ñiì'¨ êðèâèõ.

Starytska K. The envelope of a family of ellipses that arises

when solving the inertial control synthesis problem for a two-

dimensional canonical system.

This paper is devoted to the solution of the synthesis problem using the

method of controllability function by V.I. Korobov. The general approach is

based on the synthesis problem solution of inertial restricted controls. The

problem is solved for a two-dimensional canonical system. We find the pa-

rameter in the equation of the controllability function using the method of

Lagrange multipliers and construct trajectories. The results are illustrated

for a certain initial point. An ellipse has been found that encompasses all the

other ellipses in the family of curves.
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Âñòóï

Ìåòîä ôóíêöi¨ êåðîâàíîñòi, çàïðîïîíîâàíèé Â. I. Êîðîáîâèì â ðîáîòi [2]

ó 1979 ðîöi, âèêîðèñòîâó¹òüñÿ äëÿ ðîçâ'ÿçàííÿ çàäà÷ ïîçèöiéíîãî ñèíòåçó

íåëiíiéíèõ ñèñòåì. Ïðè öüîìó êåðóâàííÿ çàäîâiëüíÿ¹ çàäàíèì îáìåæåííÿì.

Ïiçíiøå öåé ìåòîä áóâ ðîçâèíåíèé ó ðîáîòàõ Êîðîáîâà Â. I, Ñêëÿðà Ã. Ì.

[4, 5] òà iíøèõ àâòîðiâ. Çîêðåìà, ó ñòàòòi [6] áóâ çàïðîïîíîâàíèé ïiäõiä äî

ðîçâ'ÿçàííÿ çàäà÷ ñèíòåçó iíåðöiéíèõ êåðóâàíü. Ó öié ðîáîòè êåðóâàííÿ, à

òàêîæ éîãî ïîõiäíi çàäîâiëüíÿþòü îáìåæåííÿì.

Çàäà÷åþ êâàëiôiêàöiéíî¨ ðîáîòè áóëî çàñòîñóâàòè ðåçóëüòàòè, îòðèìàíi

ó ðîáîòi [6], äëÿ äâîâèìiðíî¨ êàíîíi÷íî¨ ñèñòåìè òà çíàéòè îáìåæåííÿ íà

çíà÷åííÿ a0 ó âèïàäêó, êîëè êåðóâàííÿ ¹ îáìåæåíèì. Öåé ïàðàìåòð a0 âèêî-

ðèñòîâó¹òüñÿ ó ðiâíÿííi íà ôóíêöiþ êåðîâàíîñòi. Áóëà çíàéäåíà çàëåæíiñòü

ìiæ a0 òà ïàðàìåòðîì α, ÿêèé ¹ ïàðàìåòðîì ìåòîäó, i áóëè ïîáóäîâàíi òðà-

¹êòîði¨ äëÿ ðiçíèõ çíà÷åíü α. Ó ñòàòòi [6] çíàéäåíî a0 äëÿ óñiõ çíà÷åíü α ó

âèïàäêó, êîëè êåðóâàííÿ òà éîãî ïîõiäíi äî l ïîðÿäêó ¹ îáìåæåíèìè.

ßêùî ó ðiâíÿííi íà ôóíêöiþ êåðîâàíîñòi ïîêëàñòè, ùî âîíà äîðiâíþ¹

1, òî îòðèìà¹ìî ñiì'þ åëiïñiâ, ÿêà çàëåæèòü âiä ïàðàìåòðà α. Êðiì òîãî,

ó êâàëiôiêàöiéíié ðîáîòi áóëî çíàéäåíî åëiïñ, ÿêèé ìiñòèòü âñi iíøi åëiïñè

ñèñòåìè, òîáòî ¹ îá'åäíàííÿì óñiõ åëiïñiâ.
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Ðîçäië 1. Ìåòîä ôóíêöi¨ êåðîâàíîñòi

1.1. Ìåòîä ôóíêöi¨ êåðîâàíîñòi äëÿ äîâiëü-

íî¨ ñèñòåìè

Ðîçãëÿíåìî íåëiíiéíó ñèñòåìó

ẋ = f(x, u), (1.1)

äå x ∈ Q ⊂ Rn, u ∈ Ω ⊂ Rr, ïðè÷îìó Ω òàêå, ùî 0 ∈ int Ω, f(0, 0) = 0.

Îçíà÷åííÿ 1.1. Ïiä ëîêàëüíèì ïîçèöiéíèì ñèíòåçîì îáìåæåíîãî êå-

ðóâàííÿ áóäåìî ðîçóìiòè çíàõîäæåííÿ òàêîãî êåðóâàííÿ u = u(x) , x ∈ Q,

ùî:

1) u(x) ∈ Ω;

2) òðà¹êòîðiÿ x(t) çàìêíåíî¨ ñèñòåìè

ẋ = f(x, u(x)), (1.2)

ÿêà ïî÷èíà¹òüñÿ ó äîâiëüíié ïî÷àòêîâié òî÷öi x0 ∈ Q, çàêií÷ó¹òüñÿ ó ïî÷à-

òêó êîîðäèíàò â äåÿêèé ñêií÷åííèé ìîìåíò ÷àñó T (x0).

Äîñòàòíi óìîâè ðîçâ'ÿçêó çàäà÷i ñèíòåçó äëÿ ñèñòåìè (1.1) âïåðøå áóëè

ñôîðìóëüîâàíi â [2].
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Òåîðåìà 1.2. (Êîðîáîâ Â. I. [2]) Ðîçãëÿíåìî êåðîâàíèé ïðîöåñ (1.1).

Íåõàé f(x, u) íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ òà â îáëàñòi

{(x, u) : 0 < ρ1 ≤ ∥x∥ ≤ ρ2, u ∈ Ω}

çàäîâiëüíÿ¹ óìîâi Ëiïøèöÿ

∥f(x′, u′)− f(x′′, u′′)∥ ⩽ L1(ρ1, ρ2)(∥x′′ − x′∥+ ∥u′′ − u′∥).

Íåõàé ó çàìêíåíié îáëàñòi G = {x : ∥x∥ ⩽ R} (0 < R ⩽ ∞) iñíó¹ ôóíêöiÿ

Θ(x), ùî çàäîâiëüíÿ¹ óìîâàì:

1) Θ(x) > 0 ïðè x ̸= 0 è Θ(0) = 0;

2) Θ(x) íåïåðåðâíà âñþäè è íåïåðåðâíî äèôåðåíöiéîâàíà âñþäè, çà âè-

íÿòêîì òî÷êè x = 0;

3) iñíó¹ c > 0 òàêå, ùî Q = {x : Θ(x) ≤ c} îáìåæåíà i

Q ⊂ {x : ∥x∥ < R};

4) iñíó¹ ôóíêöiÿ u(x) ∈ Ω ïðè x ∈ Q, òàêà, ùî ñïðàâåäëèâi íåðiâíîñòi

−β1Θ
1− 1

α1 (x) ⩽
n∑

i=1

∂Θ(x)

∂xi
fi(x, u(x)) ⩽ −β2Θ

1− 1
α2 (x) (1.3)

ïðè äåÿêèõ äîäàòíiõ α1, β1, α2, β2. Äî òîãî æ u(x) â îáëàñòi

K(ρ1, ρ2) = {x : 0 < ρ1 ⩽ ∥x∥ ⩽ ρ2} çàäîâiëüíÿ¹ óìîâi Ëiïøèöÿ

∥u(x′′)− u(x′)∥ ≤ L2(ρ1, ρ2)∥x′′ − x′∥.

Òîäi òðà¹êòîðiÿ ñèñòåìè (1.2), ùî ïî÷èíà¹òüñÿ ó äîâiëüíié ïî÷àòêîâié

òî÷öi x(0) = x0 ∈ Q, çàêií÷ó¹òüñÿ ó òî÷öi x1 = 0 â äåÿêèé ñêií÷åííèé

ìîìåíò ÷àñó T (x0), äî òîãî æ

α1

β1
Θ(x0)

1
α1 ⩽ T (x0) ⩽

α2

β2
Θ

1
α2 (x0). (1.4)

Ó ðoáîòi [2] âïåðøå çàïðîïîíîâàíî çàãàëüíèé ïiäõiä äëÿ ðîçâ'ÿçêó çàäà÷i

ñèíòåçó äîïóñòèìèõ êåðóâàíü äëÿ äîâiëüíî¨ íåëiíiéíî¨ àâòîíîìíî¨ êåðîâà-

íî¨ ñèñòåìè. Ïðè öüîìó îòðèìàíà îöiíêà íà ÷àñ ðóõó (settling-time function)
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iç äîâiëüíî¨ ïî÷àòêîâî¨ òî÷êè â ïî÷àòîê êîîðäèíàò. Öåé ìåòîä áóâ ðîçâè-

íåíèé â ðîáîòàõ Ã. Ì. Ñêëÿðà òà iíøèõ àâòîðiâ.

Ó ðîáîòi [3] ðîçãëÿíóòà çàäà÷à ñèíòåçó çâîðîòíüîãî çâ'ÿçêó äëÿ ëàíöþ-

ãà ñèñòåìè iíòåãðàòîðiâ ç íåïåðåðâíèì îáìåæåíèì íåâiäîìèì çáóðåííÿì.

Ðîçâ'ÿçîê áàçó¹òüñÿ íà ìåòîäi ôóíêöi¨ êåðîâàíîñòi Â. I. Êîðîáîâà.

Ðîçãëÿíóòà çàäà÷à ïîáóäîâè êåðóâàííÿ äëÿ ëiíiéíî¨ ñèñòåìè â ñòàòòi [7].

Êåðóâàííÿ ïåðåâîäèòü ñèñòåìó ç áóäü-ÿêî¨ òî÷êè â çàäàíó òî÷êó çà ñêií-

÷åííèé ÷àñ. Öÿ òî÷êà íå ¹ òî÷êîþ ñïîêîþ äëÿ ñèñòåìè. Â îñíîâi ïîáóäîâè

êåðóâàííÿ ëåæèòü ìåòîä ôóíêöi¨ êåðîâàíîñòi. Íåîäíîçíà÷íiñòü ðîçâ'ÿçêó

ðiâíÿííÿ, ùî âèçíà÷à¹ ôóíêöiþ êåðîâàíîñòi, ïðèçâîäèòü äî ðÿäó öiêàâèõ

âèïàäêiâ.

Â ñòàòòi [8] äîñëiäæó¹òüñÿ çàäà÷à ïðèâåäåííÿ ëiíiéíîãî ëàíöþãà ìàñ,

ç'¹äíàíèõ ïðóæèíàìè, äî ðiâíîâàãè çà ñêií÷åííèé ÷àñ çà äîïîìîãîþ êåðó-

þ÷î¨ ñèëè, ïðèêëàäåíî¨ äî ïåðøî¨ ìàñè. Îïèñàíî êåðóâàííÿ çi çâîðîòíiì

çâ'ÿçêîì i âñòàíîâëåíî éîãî ëîêàëüíó åêâiâàëåíòíiñòü äî êåðóâàííÿ, ÿêå

ðîçâ'ÿçó¹ çàäà÷ó øâèäêîäi¨ çà ìiíiìàëüíèé ÷àñ. Äîâåäåíî ñòiéêiñòü êåðóâà-

ííÿ âiäíîñíî íåâiäîìèõ çáóðåíü i îá÷èñëåíî ÷àñ ðóõó, à òàêîæ éîãî àñèì-

ïòîòè÷íó îöiíêó ùîäî äîâæèíè ëàíöþãà.

Ó ðîáîòi [11] äåòàëüíî äîñëiäæåíî òàê çâàíi ñòiéêi çà âèõîäîì Ëàãðàíæà

ñèñòåìè. Ðîçãëÿäà¹òüñÿ âïëèâ ñâî¹ðiäíî¨ íåïåðåðâíîñòi ôóíêöi¨ âñòàíîâ-

ëåííÿ ÷àñó. Íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè ñòàáiëüíîñòi âèõîäó çà

ñêií÷åííèé ÷àñ.
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1.2. Ñèíòåç iíåðöiéíèõ êåðóâàíü

Ðîçãëÿíåìî çàäà÷ó ëîêàëüíîãî ïîçèöiéíîãî ñèíòåçó êåðóâàííÿ äëÿ ñè-

ñòåìè äèôåðåíöiéíèõ ðiâíÿíü

ẋ = A0x+ b0u, (1.5)

äå

A0 =



0 1 0 . . . 0

0 0 1 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1

0 0 0 . . . 0


, b0 =



0

0

. . .

0

1


.

ç îáìåæåííÿìè íà êåðóâàííÿ òà éîãî ïîõiäíi äî çàäàíîãî ïîðÿäêó l, òîáòî

çàäà÷ó ïîáóäîâè êåðóâàííÿ u = u(x), ÿêå ïåðåâîäèòü äîâiëüíó ïî÷àòêîâó

òî÷êó x0 ç äåÿêîãî îêîëó Q ïî÷àòêó êîîðäèíàò â ïî÷àòîê êîîðäèíàò ïî

òðà¹êòîði¨ x(t) ñèñòåìè

ẋ = A0x+ b0u(x), (1.6)

çà ñêií÷åííèé ÷àñ T (x0) òà çàäîâiëüíÿ¹ îáìåæåííÿì

|u(k)(x)| ≤ dk, k = 0, 1, . . . , l, l ≥ 1, x ∈ Q, (1.7)

äå u(k)(x) � ïîõiäíà k-ãî ïîðÿäêó â ñèëó ñèñòåìè (1.6).

Êåðóâàííÿ ç òàêèìè îáìåæåííÿìè ðîçãëÿäàþòüñÿ â êíèçi [9, c. 292] òà

íàçâàíi iíåðöiéíèìè.

Ñòàòòÿ [10] ïðåçåíòó¹ âèêëèêè, ç ÿêèìè ñòèêàþòüñÿ îïåðàòîðè åíåðãî-

ñèñòåì ïðè çáiëüøåííi îáñÿãiâ âèêîðèñòàííÿ âiòðîâî¨ åíåðãi¨. Â íié çàçíà-

÷à¹òüñÿ íåîáõiäíiñòü âïðîâàäæåííÿ âáóäîâàíèõ ôóíêöié êåðóâàííÿ ó êîí-

òðîëåðè âiòðîåëåêòðîñòàíöié, ùîá çàëó÷èòè ¨õ äî óïðàâëiííÿ åíåðãîñèñòå-

ìîþ. Äîñëiäæó¹òüñÿ ðåàëiçàöiÿ iíåðöiéíî¨ âiäïîâiäi òà îñíîâíîãî ðåãóëþ-



9

âàííÿ ÷àñòîòè â êîíòðîëåði âiòðîãåíåðàòîðà. Âñòàíîâëåíî òà õàðàêòåðèçî-

âàíî îñíîâíi ôàêòîðè, ùî âïëèâàþòü íà ðåçóëüòàòè ðåãóëþâàííÿ ÷àñòîòè.

Âïëèâ ïàðàìåòðiâ êåðóâàííÿ òà ðîáî÷î¨ òî÷êè òóðáiíè íà iíåðöiéíó âiäïî-

âiäü àíàëiçó¹òüñÿ çà ðåçóëüòàòàìè åêñïåðèìåíòiâ ó ñèñòåìi çi âiäêëþ÷åíèì

âiä ìåðåæi æèâëåííÿì. Òàêîæ ðîçðîáëåíî êîìáiíîâàíó ñõåìó êåðóâàííÿ,

âèêîðèñòîâóþ÷è îáèäâà êîíòðîëåðà, òà îáãîâîðþ¹òüñÿ ïîòåíöiàë îòðèìà-

íî¨ ãðiä-ïîñëóãè ïðè ÷àñòêîâîìó íàâàíòàæåííi.

Çàäàìî α ≥ 1. Ïîêëàäåìî

F−1
α (Θ) =

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α

e−A0tb0b
∗
0e

−A∗
0tdt. (1.8)

Ââåäåìî ìàòðèöþ D(Θ) = diag(Θ−(2n−2k+1)/(2α))nk=1.

Â ðîáîòi [6, Òâåðäæåííÿ 1] äîâåäåíî, ùî ìàòðèöÿ Fα(Θ) ìîæå áóòè çà-

ïèñàíà â íàñòóïíîìó âèãëÿäi:

Fα(Θ) = D(Θ)FαD(Θ), (1.9)

äå

F−1
α =

α∫
0

(
1− t

α

)α

e−A0tb0b
∗
0e

−A∗
0tdt. (1.10)

Âèçíà÷èìî ïðè ôiêñîâàíîìó α ≥ 1 ôóíêöiþ êåðîâàíîñòi Θα(x) ïðè

x ̸= 0 ÿê ðîçâ'ÿçîê ðiâíÿííÿ

2a0Θ = (Fα(Θ)x, x) , a0 > 0, x > 0. (1.11)

Öå ðiâíÿííÿ ìà¹ ïðè α ≥ 1 ¹äèíèé äîäàòíié íåïåðåðâíî äèôåðåíöiéîâà-

íèé ðîçâ'ÿçîê Θ = Θα(x). Ïîçíà÷èìî Θα(0) = 0, îòðèìà¹ìî íåïåðåðâíiñòü

ôóíêöi¨ Θα(x) äëÿ óñiõ x.

Çàäàìî îáëàñòü Qα = {x : Θα(x) ≤ cα}. Çàäàìî êåðóâàííÿ uα(x) â

îáëàñòi Qα \ {0} ôîðìóëîþ

uα(x) = −1

2
b∗0Fα(Θα(x))x = −1

2

n∑
i=1

fnixi

Θ
n−i+1

α
α (x)

. (1.12)
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Òåîðåìà 1.3. (Êîðîáîâ Â. I., Ñêîðèê Â. Î. [6, Òåîðåìà 1]) Íåõàé ÷èñëî

α0 = 2l + 1 i êîåôiöi¹íò a0 ðiâíÿííÿ (1.11) çàäîâiëüíÿ¹ óìîâi

0 < a0 ≤ â0 = min
0≤k≤l

d2k
2ω2

k∥F−1
∞ ∥

, (1.13)

äå

ωk =
1

2
∥F2l+1∥

k∏
i=1

(
n+i−1

2l+1
+1+

1

2
∥F2l+1∥

)
, k = 0, 1, . . . , l. (1.14)

Òîäi ìíîæèíà êåðóâàíü uα(x) (α0 ≤ α < ∞) âèãëÿäó (1.12) â îáëàñòi Q\

{0} = {x : Θα0
(x) ≤ 1}\{0} ðîçâ'ÿçó¹ äëÿ ñèñòåìè (1.5) çàäà÷ó ëîêàëüíîãî

ïîçèöiéíîãî ñèíòåçó iíåðöiéíèõ êåðóâàíü, êîæíå ç ÿêèõ çàäîâiëüíÿ¹ îáìå-

æåííÿì (1.7), ïðè÷îìó ÷àñ ðóõó Tα(x0) ç äîâiëüíî¨ ïî÷àòêîâî¨ òî÷êè x0 ∈ Q

ó ïî÷àòîê êîîðäèíàò ïî òðà¹êòîði¨ ñèñòåìè (1.6), ïîðîäæåííî¨ êåðóâàííÿì

uα(x), äîðiâíþ¹ αΘ
1
α
α (x0).

Ëåìà 1.4. (Êîðîáîâ Â. I., Ñêîðèê Â. Î. [6, Ëåìà 1]) Íåõàé

1 ≤ α1 ≤ α2. Òîäi äëÿ 0 < c ≤ 1 âèêîíó¹òüñÿ Qα1
(c) ⊂ Qα2

(c).



Ðîçäië 2. Ðîçâ'ÿçîê çàäà÷i ñèíòåçó

äëÿ äâîâèìiðíî¨ êàíîíi÷íî¨

ñèñòåìè

2.1. Ñèíòåç iíåðöiéíèõ êåðóâàíü äëÿ äâîâè-

ìiðíî¨ êàíîíi÷íî¨ ñèñòåìè

Ðîçãëÿíåìî êàíîíi÷íó ñèñòåìó

 ẋ1 = x2,

ẋ2 = u
(2.1)

ïðè îáìåæåííÿõ íà êåðóâàííÿ |u| ≤ 1.

Ïîòðiáíî çíàéòè îáìåæåíå êåðóâàííÿ u = u(x) òàêå, ùî òðà¹êòîðiÿ çà-

ìêíåíî¨ ñèñòåìè, ÿêà ïî÷èíà¹òüñÿ ó äîâiëüíié ïî÷àòêîâié òî÷öi x0 ∈ Q,

çàêií÷ó¹òüñÿ ó ïî÷àòêó êîîðäèíàò â äåÿêèé ñêií÷åííèé ìîìåíò ÷àñó T (x0).

Ïîÿñíèìî ìåõàíi÷íèé çìiñò ñèñòåìè (2.1) çà äîïîìîãîþ çàäà÷i ïðî çó-

ïèíêó âiçêà íà ðåéêàõ. Ïî ãëàäêèì ãîðèçîíòàëüíèì ðåéêàì ðóõà¹òüñÿ áåç

òåðòÿ ïiä äi¹þ òiëüêè ñèëè òÿãè äâèãóíà âiçîê. Ó ïî÷àòêîâèé ìîìåíò ÷àñó

øâèäêiñòü âiçêà V0, òà âií çíàõîäèòüñÿ íà çàäàíié âiäñòàíi S0 âiä ñòàíöi¨.

Ïîòðiáíî çíàéòè çàêîí êåðóâàííÿ ñèëè òÿãè äâèãóíà òàê, ùîá âiçîê çà ñêií-

÷åííèé ÷àñ äîñÿã ñòàíöi¨ òà çóïèíèâñÿ òàì. Çà äîïîìîãîþ äðóãîãî çàêîíó

11
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Íüþòîíà îòðèìà¹ìî ñèñòåìó:



mẍ(t) = F0(t),

x(t0) = S0,

ẋ(t0) = V0,

x(t1) = 0,

ẋ(t1) = 0

(2.2)

|F (t)| ≤ M ñèëà òÿãè äâèãóíà îáìåæåíà. Çðîáèìî çàìiíó çìiííèõ:

x(t) = x1(t), ẋ(t) = x2(t),
F (t)

m
= u(t)

Îòðèìà¹ìî ñèñòåìó  ẋ1(t) = x2(t),

ẋ2(t) = u(t)
(2.3)

ç ïî÷àòêîâèìè óìîâàìè x1(t0) = S0, x2(t0) = V0, x1(t1) = 0, x2(t1) = 0 ïðè

îáìåæåííi íà êåðóâàííÿ |u(t)| ≤ M

m
. Äëÿ ñïðîùåííÿ áóäåìî ââàæàòè, ùî

M

m
= 1.

Â còàòòi [1] çàïðîïîíîâàíî ðîçøèðåíèé íàáið îáìåæåíèõ ñòàáiëiçóþ÷èõ

ïîçèöiéíèõ êåðóâàíü äëÿ äâîâèìiðíî¨ êàíîíi÷íî¨ ñèñòåìè. Äëÿ ïîáóäîâè

êåðóâàíü, ùî çàëåæàòü âiä ïåâíîãî ïàðàìåòðà, âèêîðèñòîâó¹òüñÿ ìåòîä

ôóíêöi¨ êåðîâàíîñòi Â. I. Êîðîáîâà. Ðîçøèðåííÿ çàñíîâàíå íà çáiëüøåííi

iíòåðâàëó çàçíà÷åíîãî ïàðàìåòðà, à òàêîæ âèêîðèñòàííÿ íåîäíîçíà÷íîñòi

ôóíêöi¨ êåðîâàíîñòi äëÿ äåÿêèõ îáëàñòåé ôàçîâîãî ïðîñòîðó R2.

Çàïèøåìî ñèñòåìó â ìàòðè÷íîì âèãëÿäi ẋ = A0x+ b0u, äå

A0 =

 0 1

0 0

 , b0 =

 0

1

 . (2.4)

Çíàéäåìî ìàòðèöþ e−A0t. Òàê ÿê A2
0 = 0 (íóëüîâà ìàòðèöÿ), òî e−A0t =

I − A0t, îòæå

e−At =

 1 −t

−0 1

 . (2.5)



13

Âèçíà÷èìî ìàòðèöþ F−1
α (Θ) ç ôîðìóëè (1.8)

F−1
α (Θ) =

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α

e−A0tb0b
∗
0e

−A∗
0tdt,

e−At =

 1 −t

−0 1

 .

e−Atb0 =

 1 −t

−0 1

 0

1

 =

 −t

1


b∗0e

−A∗
0t =

(
−t 1

)
e−Atb0b

∗
0e

−A∗
0t =

 −t

1

( −t 1
)
=

 t2 −t

−t 1



F−1
α (Θ) =

αΘ
1
α∫

0


(
1− t

αΘ
1
α

)α

t2 −
(
1− t

αΘ
1
α

)α

t

−
(
1− t

αΘ
1
α

)α

t

(
1− t

αΘ
1
α

)α

 dt

Ïîðàõó¹ìî åëåìåíòè ìàòðèöi

M11 =

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α

t2dt = [

∫
udv = uv −

∫
vdu] =

[dv = (1− t

αΘ
1
α

)αdt; v = − αΘ
1
α

α + 1

(
1− t

αΘ
1
α

)α+1

;u = t2; du = 2tdt] =

−αΘ
1
α t2

α + 1

(
1− t

αΘ
1
α

)α+1 ∣∣∣∣αΘ
1
α

0

−
αΘ

1
α∫

0

− αΘ
1
α

α + 1

(
1− t

αΘ
1
α

)α+1

2tdt =

0 +
αΘ

1
α

α + 1

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α+1

2tdt =
2αΘ

1
α

α + 1

(
1− t

αΘ
1
α

)α+1

2tdt =

2α3Θ3/α

6 + 11α + 6α2 + α3
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M22 =

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α

dt = − αΘ
1
α

α + 1

(
1− t

αΘ
1
α

)α+1 ∣∣∣∣αΘ
1
α

0

=

− αΘ
1
α

α + 1

(
1− αΘ

1
α

αΘ
1
α

)α+1

+
αΘ

1
α

α + 1
(1−Θ)α+1 =

αΘ
1
α

α + 1

−M12 = −M21 =

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α

tdt = [

∫
udv = uv −

∫
vdu] =

[dv = (1− t

αΘ
1
α

)αdt; v = − αΘ
1
α

α + 1

(
1− t

αΘ
1
α

)α+1

;u = t; du = dt] =

−αΘ
1
α t

α + 1

(
1− t

αΘ
1
α

)α+1 ∣∣∣∣αΘ
1
α

0

−
αΘ

1
α∫

0

− αΘ
1
α

α + 1

(
1− t

αΘ
1
α

)α+1

dt =

= 0 +
αΘ

1
α

α + 1

αΘ
1
α∫

0

(
1− t

αΘ
1
α

)α+1

dt =
α2Θ

2
α

α2 + 3α + 2

Îòæå, ìàòðèöÿ F−1
α (Θ) ìà¹ âèãëÿä

F−1
α (Θ) =


2α3Θ3/α

6 + 11α + 6α2 + α3
− α2Θ2/α

2 + 3α + α2

− α2Θ2/α

2 + 3α + α2

αΘ1/α

1 + α

 . (2.6)

Òîäi,

Fα(Θ) =
1

M11M22 −M21M12

 M22 M21

M12 M11

 ,

Fα(Θ) =


(2 + α)2(3 + α)Θ−3/α

α3

(2 + α)(3 + α)Θ−2/α

α2

(2 + α)(3 + α)Θ−2/α

α2

2(2 + α)Θ−1/α

α

 . (2.7)

Ïîçíà÷èìî x =

 x1

x2

, òîäi ïðè α ≥ 1 ðiâíÿííÿ íà ôóíêöiþ êåðîâàíî-

ñòi ìà¹ âèãëÿä

2a0Θ = (Fα(Θ)x, x).
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Çàïèøåìî äîêëàäíî. 2a0Θ =

=


 (2 + α)2(3 + α)Θ−3/α

α3
x1 +

(2 + α)(3 + α)Θ−2/α

α2
x2

(2 + α)(3 + α)Θ−2/α

α2
x1 +

2(2 + α)Θ−1/α

α
x2

 ,

 x1

x2


 =

(2 + α)Θ−3/α(x21(6 + 5α + α2) + 2x1x2α(3 + α)Θ1/α + 2x22α
2Θ2/α)

α3
. (2.8)

Îòæå, êåðóâàííÿ (1.12) ìà¹ âèãëÿä

uα(x) = −1

2
b∗0Fα(Θα(x))x,

uα(x1, x2) = −(2 + α)Θ−2/α(x1(3 + α) + 2x2αΘ
1/α)

2α2
. (2.9)

Äå Θ = Θ(x1, x2) - ¹äèíèé äîäàòíié ðîçâ`ÿçîê ðiâíÿííÿ (2.8)

Äàëi áóäå ïîêàçàí ñïîñiá, ÿêèé áóäå âèêîðèñòàíî äëÿ çíàõîäæåííÿ a0.

Äîâåäåìî îáìåæåíiñòü êåðóâàííÿ (2.9). Äëÿ öüîãî ïðè ôiêñîâàíîìó Θ

ðîçâ'ÿæåìî çàäà÷ó çíàõîäæåííÿ åêñòðåìóìà ôóíêöi¨ (2.9) ïðè îáìåæåííÿõ

âèãëÿäó (2.8). Ïîáóäó¹ìî ôóíêöiþ Ëàãðàíæà

L = −(2 + α)Θ−2/α(x1(3 + α) + 2x2αΘ
1/α)

2α2
−

λ(2a0Θ− (2 + α)Θ−3/α(x21(6 + 5α + α2) + 2x1x2α(3 + α)Θ1/α + 2x22α
2Θ2/α)

α3
)

(2.10)

Äàëi ðîçâ'ÿçó¹ìî íàñòóïíó ñèñòåìó ðiâíÿíü âiäíîñíî x1 òà x2
dL

dx1
= 0

dL

dx2
= 0

, (2.11)

ÿêà ìà¹ âèãëÿä
−(2 + α)(3 + α)Θ− 2

α

2α2
+

(2 + α)Θ
−3
α (2(6 + 5α + α2)x1 + 2α(3 + α)Θ

1
αx2)λ

α3
= 0

−(2 + α)Θ− 1
α

α
+

(2 + α)Θ
−3
α (2α(3 + α)Θ

1
αx1 + 4α2Θ

2
αx2)λ

α3
= 0

Îòðèìàëè x1 = 0 òà x2 =
1

4λ
.
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Ïiäñòàâèìî öi ðîçâ'ÿçêè ó ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi (2.8) òà çíà-

éäåìî λ.

λ = ±
√
2 + αΘ1/2(−1−1/α)

4
√
a0
√
α

Ïiäñòàâèìî çíàéäåíi x1 òà x2 ó íàøå êåðóâàííÿ, îòðèìó¹ìî

uα = ±
√
a0
√
2 + αΘ

−1+α
2α

√
α

.

Ó ðîçâ'ÿçîê ïiäñòàâèìî Θ = 1, òîáòî äàëi áóäåìî ðîçãëÿäàòè ðîçâ'ÿçîê

çàäà÷i ïðè x ∈ Q = {x : Θ(x) ≤ 1} Îòðèìàíèé åëåìåíò îáìåæó¹ìî√
a0
√
2 + α√
α

≤ 1 ïðè α ≥ 0. Îòðèìàëè a0 ≤
α

2 + α
.

Âèáåðåìî a0 =
α

2 + α
.

Äëÿ çíàõîæäåííÿ òðà¹êòîði¨ äîñòàòíüî ðîçâ'ÿçàòè ðiâíÿííÿ (2.8) òiëüêè

â ïî÷àòêîâié òî÷öi. Íåõàé Θ(x0) = θ0 � åäèíèé äîäàòíié êîðiíü ðiâíÿí-

íÿ (2.8) ïðè x = x0 ∈ Q. Ïîçíà÷èìî θ(t) = Θ(x(t)). Â ñèëó Òåîðåìè 2

âèêîíó¹òüñÿ θ̇ = −θ1−1/α. Òðà¹êòîðiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

ẋ1 = x2,

ẋ2 = −(2 + α)(x1(3 + α)θ−2/α + 2x2αθ
−1/α)

2α2

θ̇ = −θ1−1/α,

x(0) = x0, θ(0) = θ0,

(2.12)

Áåðåìî ïî÷àòêîâó òî÷êó x0 = (0.2;−0.5)∗

Ðîçãëÿíåìî çàäà÷ó ïðè ðiçíèõ α:

Âiçüìåìî α = 1, x1(0) = 0.2, x2(0) = −0.5.

Ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi áóäå ìàòè âèãëÿä:

7.2Θ− 4.5Θ2 + 2Θ4 = 4.32

�äèíèé äîäàòíié êîðiíü ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi: θ0 ≈ 0.93.

Ïðè öüîìó êåðóâàííÿ ìà¹ âèãëÿä: u = −3(4x1 + 2x2Θ)

2Θ2
, θ̇ = −1.
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Òðà¹êòîðiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

ẋ1 = x2,

ẋ2 = −3(4x1 + 2x2Θ)

2Θ2
,

θ̇ = −1,

x(0) = x0, θ(0) = θ0,

(2.13)

Âiçüìåìî α = 3, x1(0) = 0.2, x2(0) = −0.5.

Ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi áóäå ìàòè âèãëÿä:

90Θ
1
3 − 112.5Θ

2
3 + 162Θ2 = 30

�äèíèé äîäàòíié êîðiíü ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi: θ0 ≈ 0.39

Ïðè öüîìó êåðóâàííÿ ìà¹ âèãëÿä: u = −5(6x1 + 6x2Θ
1
3 )

18Θ
2
3

, θ̇ = −θ2/3.

Òðà¹êòîðiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

ẋ1 = x2,

ẋ2 = −5(6x1 + 6x2Θ
1
3 )

18Θ
2
3

,

θ̇ = −θ2/3,

x(0) = x0, θ(0) = θ0,

(2.14)

Âiçüìåìî α = 5, x1(0) = 0.2, x2(0) = −0.5.

Ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi áóäå ìàòè âèãëÿä:

392.Θ
1
5 − 612.5Θ

2
5 + 1250Θ

8
5 = 109.76

�äèíèé äîäàòíié êîðiíü ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi: θ0 ≈ 0.3

Ïðè öüîìó êåðóâàííÿ ìà¹ âèãëÿä: u = −7(8x1 + 10x2Θ
1
5 )

50Θ
2
5

, θ̇ = −θ4/5.

Òðà¹êòîðiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

ẋ1 = x2,

ẋ2 = −7(8x1 + 10x2Θ
1
5 )

50Θ
2
5

,

θ̇ = −θ4/5.

x(0) = x0, θ(0) = θ0,

(2.15)
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Íà ìàë. 1 ïîêàçàíî 3 òðà¹êòîði¨ ïðè ðiçíèõ çíà÷åííÿõ α:

- α =1 - α =3 - α =5

ìàë.1

Íà ìàë. 2 ïîêàçàíî 3 ãðàôiêà êåðóâàííÿ ïðè ðiçíèõ çíà÷åííÿõ α:

- α =1 - α =3 - α =5

ìàë.2
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2.2. Îáâiäíà ñiì'¨ åëiïñiâ

Ðiâíÿííÿ íà ôóíêöiþ êåðîâàíîñòi ìà¹ âèãëÿä:

2α2Θ = (2 + α)2Θ−3/α(x21(6 + 5α + α2) + 2x1x2α(3 + α)Θ1/α + 2x22α
2Θ2/α).

(2.16)

Ïiäñòàâèìî Θ = 1:

2α4 = (2 + α)2(x21(6 + 5α + α2) + 2x1x2α(3 + α) + 2x22α
2). (2.17)

Îòæå, ÿêùî ïîçíà÷èòè Q = {x : Θα(x) ≤ 1},òî çà ëåìîþ 1.4 ïðè

1 ≤ α1 ≤ α2. âèêîíó¹òüñÿ Qα1
(1) ⊂ Qα2

(1).

Ïðè α = 1 ðiâíÿííÿ ìà¹ âèãëÿä:

108x21 + 72x1x2 + 18x22 = 2

Ïðè α = 10:

5616x21 + 9360x1x2 + 7200x22 = 5000

Ïðè α = 100:

13663053x21 + 26790300x1x2 + 26010000x22 = 25000000

Îáâiäíîþ ñiì'¨ êðèâèõ íàçèâà¹òüñÿ êðèâà, ÿêà â êîæíié ñâî¨é òî÷öi äî-

òèêà¹òüñÿ äî îäíi¹¨ ç êðèâèõ äàíî¨ ñiì'¨, òîáòî âîíà îáìåæó¹ óñi êðèâi ñiì'i.

Áóäåìî íàçèâàòè çà àíàëîãi¹þ îáâiäíîþ âèïàäîê, êîëè â ðiâíÿííi (2.17)

ïàðàìåòð α ïðÿìó¹ äî íåñêií÷åííîñòi.

Âiçüìåìî Θ = 1.

F−1
α (1) =


2α3

6 + 11α + 6α2 + α3
− α2

2 + 3α + α2

− α2

2 + 3α + α2

α

1 + α

 .

Ïåðåéäåìî äî ãðàíèöi â êîæíîìó åëåìåíòi ïðè α → ∞.

F−1
α (1) =

 2 −1

−1 1

 .
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Òîäi Fα =

 1 1

1 2

 .

2a0Θ = (Fα(Θ)x, x)

Ïðè α → ∞ a0 = 1

2 =

  x1 + x2

x1 + 2x2

 ,

 x1

x2

 
2 = x21 + 2x1x2 + 2x22

Íà ìàë.3 çîáðàæåíî îòðèìàíi åëiïñè:

- α =1 - α =10 - α =100 - α =∞

-2 -1 0 1 2

-2

-1

0

1

2

x1

x2

ìàë.3



Âèñíîâêè

Â õîäi äîñëiäæåííÿ áóëî ïðîâåäåíî çàñòîñóâàííÿ ìåòîäó ôóíêöi¨ êåðî-

âàíîñòi Â. I. Êîðîáîâà äëÿ äâîâèìiðíî¨ êàíîíi÷íî¨ ñèñòåìè òà âñòàíîâëåíî

îáìåæåííÿ íà çíà÷åííÿ a0 â óìîâàõ îáìåæåíîãî êåðóâàííÿ. Ìåòîä, ÿêèé

âèêîðèñòîâóâàâñÿ ó êâàëiôiêàöiéíié ðîáîòi, çàïðîïîíîâàíèé ó ðîáîòi [6] äëÿ

ðîçâ'ÿçêó çàäà÷i ñèíòåçó iíåðöiéíèõ êåðóâàíü, òîáòî êåðóâàíü, ÿêi ¹ îáìå-

æåíèìè äî ïîõiäíî¨ ïîðÿäêó l. Òàêîæ áóëà âèÿâëåíà çàëåæíiñòü ìiæ a0

i ïàðàìåòðîì α. Äëÿ äåìîíñòðàöi¨ ðåçóëüòàòiâ áóëè ïîáóäîâàíi òðà¹êòîði¨

äëÿ ðiçíèõ çíà÷åíü α. ßêùî ó ðiâíÿííi íà ôóíêöiþ êåðîâàíîñòi ïîêëàñòè,

ùî âîíà äîðiâíþ¹ 1, òî îòðèìà¹ìî ñiì'þ åëiïñiâ, ÿêà çàëåæèòü âiä ïàðà-

ìåòðà α. Êðiì òîãî, ó êâàëiôiêàöiéíié ðîáîòi áóëî çíàéäåíî åëiïñ, ÿêèé

ìiñòèòü âñi iíøi åëiïñè ñèñòåìè, òîáòî ¹ îá'åäíàííÿì óñiõ åëiïñiâ. Òàêîæ

áóëî âèâ÷åíî íåîáõiäíèé ìàòåðèàë, ïîâ'ÿçàíèé ç ìåòîäîì ôóíêöi¨ êåðîâà-

íîñòi, ìåòîäîì ðîçâ'ÿçêó çàäà÷i iíåðöiéíîãî ñèíòåçó. ×èñåëüíèé ðîçâ'ÿçîê

áóëî çàïðîãðàìîâàíî â äîäàòêó "Matematica 11.0".
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